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On a condition of strong precompactness and the 
decay of periodic entropy solutions to scalar 

conservation laws 

Evgeny Yu. Panov* 


Abstract 

We propose a new sufficient non-degeneracy condition for the strong 
precompactness of bounded sequences satisfying the nonlinear first-order 
differential constraints. This result is applied to establish the decay prop¬ 
erty for periodic entropy solutions to multidimensional scalar conservation 
laws. 


1 Introduction 


Let P be an open domain in M"'. We consider the seqnence Uk{x), k eN, bonnded 
in which converges weakly-* in L°°{Q) to some fnnction u{x): Uk u. 

k^oo 

Now let ip{x,u) G (^(M, M"')) be a Caratheodory vector-fnnction (i.e. it 

is continnons with respect to u and measnrable with respect to x) snch that the 
fnnctions 

(y-uix) = max \ipix,u)\ G L? (P) VM > 0 (1.1) 

|n|<M 

(here and below | • | stands for the Enclidean norm of a hnite-dimensional vector). 
By d{\) we shall denote the Heaviside fnnction: 


0(A) = 


1, A>0, 

0, A<0. 


Snppose that for every p G M the seqnence of distribntions 


diVa; [9{uk — p){(p{x,Uk) — (p{x,p))] is precompact in :Lm (1-2) 

for some d > 1. Recall that is a locally convex space of distribntions 

u{x) snch that uf{x) belongs to the Sobolev space for all /(x) G C“(P). 
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The topology in is generated by the family of semi-norms u —)■ Hm/H 

fix) e c^in). 

If the distributions div^; (p(a:, k) are locally finite measures on hi for all A; G M, 
then the notion of entropy solutions (in Kruzhkov’s sense) of the equation 

div (pix,u) +'ipix,u) = 0 (1.3) 

(with a Caratheodory source function '0 (x,m) G L)Q^(r2, C(M))) is defined, see 
[TB] and [IB] (in the latter paper the more general ultra-parabolic equations are 
studied). As was shown in [TB], assumption fll.2p is always satisfied for bounded 
sequences of entropy solutions of fll.3p . 

Our first result is the following strong precompactness property. 

Theorem 1.1. Suppose that for almost every x E Q and all ^ G M"", f ^ 0 the 
function A —^ • (p(x, A) is not constant in any vicinity of the point uix) (here 
and in the sequel denotes the inner product in Then u^ix) -E uix) in 

k^oo 

Llci^) (strongly). 

Theorem 11.11 extends the results of [15], where the strong precompactness 
property was established under the more restrictive non-degeneracy condition: 
for almost every x E fl and all f G M”, ■C 7^ 0 the function X ^ f ■ (fix, A) is not 
constant on nonempty intervals. 

The proof of Theorem 11.11 is based on a new localization principle for H- 
measure (with “continuous” indexes) corresponding to the sequence Uk, see The¬ 
orem [33] and its Corollary 13.61 below. 

Using this theorem and results of im. we will also derive the more precise 
criterion for the decay of periodic entropy solutions of scalar conservation laws 

Ut+ diVa, (p(m) = 0, (1.4) 

u = uit, x), (t, x) G n = (0, -|-cxd) X M”. The flux vector (fiu) = iipiiu), ..., (fniu)) 
is supposed to be merely continuous: <p(u) G (^(R, M""). Recall the definition of 
entropy solution to equation (11.41) in the Kruzhkov sense [7]. 

Definition 1.2. A bounded measurable function u = u(t,x) G L°°(n) is called 
an entropy solution (e.s. for short) of (II.4p if for all /c G R 

\u — k\t+ diVa; [sign(M — k)i(piu) — (fik))] < 0 (1.5) 

in the sense of distributions on fl (in Vijl)). 

As usual, condition fll.5l) means that for all non-negative test functions / = 
fit,x)ECliIi) 

f [\u - k\ft + sign(M - k)iipiu) - Lfik)) ■ Va^/jdtdx > 0. 

Jn 
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As was shown in [13] (see also [Il|), an e.s. u(t,x) always admits a strong trace 
■^0 = Uo{x) G on the initial hyperspace t = 0 in the sense of relation 

ess hmM(t, •) = mq (1-6) 

t^o 

that is, u{t,x) is an e.s. to the Canchy problem for equation fll.4l) with initial 
data 

u{0,x) = Uq{x). (1.7) 

Remark 1.3. It was also established in [T3l Corollary 7.1] that, after possible 
correction on a set of null measure, an e.s. u(t,x) is continuous on [0,+cx)) as 
a map t i—)■ u(t, •) into In the sequel we will always assume that this 

property is satished. 

Suppose that the initial function uq is periodic with a lattice of periods L, 
i.e., uo{x + e) = uo(x) a.e. on M" for every e E L (we will call such functions 
L-periodic). Denote by = R”'/L the corresponding n-dimensional torus, and 
by L' the dual lattice L' = { ^ E \ ^ ■ x E 'L'ix E L }. In the case under 
consideration when the flux vector is merely continuous the property of hnite 
speed of propagation for initial perturbation may be violated, which, in the mul¬ 
tidimensional situation n > 1, may even lead to the nonuniqueness of e.s. to 
Cauchv nroblem f]1.4p. f]1.7p. see examnles in UM- But for a periodic initial 
function uo{x), an e.s. u(t,x) of fll.4l) . fll.7l) is unique (in the class of all e.s., not 
necessarily periodic) and space-periodic, the proof can be found in [12]. It is also 
shown in [T2] that the mean value of e.s. over the period does not depend on 
time: 

/ u{t,x)dx = I= / Uo{x)dx, (1.8) 

Jjn Jjn 

where dx is the normalized Lebesgue measure on T”. The following theorem 
generalizes the previous results of Pin]. 

Theorem 1.4. Suppose that 


G L', ^ 7 ^ 0 the function u ^ f ■ (p{u) 
is not affine on any vicinity of I. 


(1.9) 


Then 


lim u{t, ■) = I 

t —^~|“00 


UQ{x)dx in 


/Jn 


( 1 . 10 ) 


Moreover condition U.9\) is necessary and sufficient for the decay property M.lCh) . 


In the case (^(u) G ^^(R, R") Theorem 11.41 was proved in [3]. As was noticed 
in [31 Remark 2.1], decay property fll.lUl) holds under the the weaker regular¬ 
ity requirement (p{u) E C^(R, R”) but under the more restrictive assumption 
that for each f E L' / is not an interior point of the closure of the union of 
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all open intervals, over which the function ^ • ^p'{u) is constant. Let us demon¬ 
strate that condition fll.9p is less restrictive than this assumption even in the 
case (p{u) G C^(M, M”). Suppose that n = 1, (p{u) G C'^(R) is a primitive of the 
Cantor function, so that (p'{u) is increasing, continuous, and maximal intervals, 
over which it remains constant, are exactly the connected component of the com¬ 
plement M \ iL of the Cantor set K C [0,1]. Since K has the empty interior the 
assumption of [3] is never satished while fll.9p holds for each / G iL. 


2 Preliminaries 

We need the concept of measure valued functions (Young measures). Recall (see 
laEO]) that a measure-valued function on is a weakly measurable map x ^ 
of into the space Probo(R) of probability Borel measures with compact support 
in M. 

The weak measurability of means that for each continuous function g{\) 
the function x —)■ {i'x,g{X)) = f g{X)dh'x{X) is measurable on 

A measure-valued function is said to be bounded if there exists M > 0 
such that supp C [— M, M] for almost all x E XI. 

Measure-valued functions of the kind UxiX) = 6{X—u{x)), where u{x) G 
and 6{X — u*) is the Dirac measure at u* G M, are called regular. We identify these 
measure-valued functions and the corresponding functions u{x), so that there is 
a natural embedding of L°°{Q) into the set MV(D) of bounded measure-valued 
functions on D. 

Measure-valued functions naturally arise as weak limits of bounded sequences 
in L°°(n) in the sense of the following theorem by L. Tartar [20] . 

Theorem 2.1. Letuk{x) G k eN, be a hounded sequence. Then there ex¬ 

ist a subsequence (we keep the notation Uk{x) for this subsequence) and a bounded 
measure valued function E MV(D) such that 

\fg{X)EC{R) g{uk) {vx.giX)) weakly-* in L°°{Xl). (2.1) 

fc^OO 

Besides, is regular, i.e., I'xiX) = 5(A — u{x)) if and only if Uk{x) u{x) in 

fc^OO 

Llci^) (strongly). 

We will essentially use in the sequel the variant of H-measures with “contin¬ 
uous indexes” introduced in [10]. This variant extends the original concept of 
H-measure invented by L. Tartar [21] and P. Gerard [5] and it appears to be a 
powerful tool in nonlinear analysis. 

Suppose Uk{x) is a bounded sequence in Passing to a subsequence 

if necessary, we can suppose that this sequence converges to a bounded measure 
valued function Ux E MV(D) in the sense of relation fl2.ip . We introduce the 
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measures 7 ^(A) = 5(A — Uk{x)) — z^x(A) and the corresponding distribution func¬ 
tions Uk{x,p) = +oo)), Uo{x,p) = UxiiPj+oo)) on f2 X M. Observe that 

Uk{x,p),UQ{x,p) G for all p G M, see [101 Lemma 2], We dehne the set 

E = E{v^) = J po e M I Uq{x,p) -)■ Uq{x,Pq) in L]^^{VL) 

y p-j-po 

As was shown in [101 Lemma 4], the complement M \ is at most countable and 
if p G -E then Uk{x,p) 0 weakly-* in 

k^oo 

Let F(m)(^), ^ G M”, be the Fourier transform of a function u{x) G 
S = 5'"'“^ = { ^ G M" I 1^1 = 1 } be the unit sphere in M". Denote by u —)• u, 
n G C the complex conjugation. 

The next result was established in m Theorem 3], [TTl Proposition 2, 
Lemma 2], 

Proposition 2.2. (i) There exists a family of locally finite complex Borel mea¬ 
sures inQ X S and a subsequence Ur{x,p) = Uk^{x,p) such that for all 

<Fi(a;), $ 2 ( 3 ;) G Oo(D) and G C{S) 

lim [ F(«Fil7,(-,p))(0^WM^^?))(0^ f4 

Vl?l/ 

(2.2) 

(a) For any pi,... ,pi E E the matrix is Hermitian and nonnega¬ 

tive definite, that is, for all (i,... ,(i E C the measure 

i 

^ 0 - 

We call the family of measures the H-measure corresponding to the 

subsequence Ur{x) = Uk,.{x). 

As was demonstrated in [10] , the H-measure = 0 for all p,q E E ii and 

only if the subsequence Ur{x) converges as r ^ 00 strongly (in 

Since \Uk{x,p)\ < 1, it readily follows from fl2.2p and Plancherel’s equality 
that pr^^l/i^'^l < meas for p,q E E, where meas is the Lebesgue measure on D, 
and by |p| we denote the variation of a Borel measure p (this is the minimal of 
nonnegative Borel measures u such that |p(A)| < z/(A) for all Borel sets A). This 
implies the representation = pFfdx (the disintegration of H-measures). More 
exactly, choose a countable dense subset D G E. The following statement was 
proved in m Proposition 3], see also [151 Proposition 3]. 

Proposition 2.3. There exists a family of complex finite Borel measures pFf E 
M(S') in the sphere S with p,q E D, x E fl', where D' is a subset of fl of full 
measure, such that p^'^ = pF^dx, that is, for all <F(x, .^) G C'o(D x S) the function 

a;^(p^'?(0,<h(x,0)= f Hx,0dpl'^{0 

Js 
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is Lebesgue-measurable on bounded, and 


Jn 

Moreover, for p,p', q & D, p' > p 

i |,i«|(S) < 1 and Var (^op -,.«)< 2 (!/.((p,p')))‘''" . (2.3) 

We choose a non-negative function K{x) G with support in the unit 

ball such that / K{x)dx = 1 and set Km{x) = mJ^Kijnx) for m G M. Clearly, 
the sequence of Km converges in to the Dirac h-function ( that is, this 

sequence is an approximate unity ). We dehne ^m{x) = {Km{x)Y^‘^■ As was 
shown in m Remark 4] (see also [T^ Remark 2(b)] ), the measures can be 
explicitly represented by the relation 

= lim {inPY{y,0,Hy)d<m{x-y)Y{0) = 

m—>-oo 

hm hm [ Fi^^mUr{;p)){OFi^mUri;q)){OY df (2.4) 

m^oor^ooj^,, VKI/ 

for all YiO e C'(^), where ^^mUf{y) = <h( 2 /)<h^(a; - y)Ur{y,p), ^mU?{y) = 
^m{x-y)Ur{y,q), and $(?/) G -^Lc(^) arbitrary function such that x is its 

Lebesgue point. 

From this representation (with $ = 1) and Proposition I2.2r iii it follows that 
for all pi,Pi E D , X E fl', Ciy ■■■ Xi ^ ^ fhe measure 

i 

= E > 0 - ( 2 . 5 ) 

*P = 1 

Indeed, for every nonnegative "0(0 ^ F{S) 

<y{0X{0>= lim (^CiCjP^^^YyX),Km{x-y)Y{0) >0- 

m^oo \ ' ^ 

\i,3=^ / 


This, in particular implies, that > 0, pfY = and for every Borel set A C S' 

|p?|(2l) < (pf(A)pS''(2l))‘-'= (2.6) 

( see mm )• For completeness we provide below the simple proof of fl2.6l) . In 
view of (ESI) (with 1=2) the matrix M = ( I is Hermitian and 

nonnegative dehnite. Therefore, 


/if (A)^^(A) - l/rf (A)p = /if (A)/if (A) - /if (A)/if (A) = det M > 0. 
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By Young’s inequality for any positive constant c and all Borel sets A <Z S 


c 1 

Since /i = nonnegative Borel measure, it follows from this in¬ 

equality that the variation \ii^\ < /r. This implies that 

\l,”\i,A) < + ^pf(A) Vc > 0. (2.7) 

It is easily computed that 


inf 

c>0 




and (12.61) follows from (12.7p . 


3 Localization principles and the strong pre- 
compactness property 

Lemma 3.1. For each p, g G M, x G hi' there exist one-sided limits in the space 
M(S') of finite Borel measures on S (with the standard norm Vaifi): 

14^^' ^ as (p', q') (p, q), p', q' e D,p' > p, q' > q, 

as (p', q') (p, q ), p',q' eD,p' < p, q' < q. 

Moreover, Var < 1 and for every Borel set A G S and each p* G M, i = 
1,..., / the matrices are Hermitian and nonnegative definite, that 

is, the measures 

i 

(3.1) 

*J = 1 

for all complex Q E C, i = 1,... ,1. 

Proof Let x E Vt', p,q E M, pi, qi-,P 2 ifh_ ^ D, P 2 > Pi > P, q 2 > qi > q- Then, in 
view of fl2.3p and the equality piffi = 

Var < 2v^{{pi,P2)) + 2z/,,((gi, ga)) < 

2z/a:((p,P2))+ 2i/,,((g,g2)) 0. 

(P2,i?2)^(p,g) 

By the Cauchy criterion, this implies that there exists a limit in M(S') as 
{p',q') -E {p,q), p',q' E D, p' > p, q' > q. Similarly, for each Pi,gi,P 2 ,g 2 £ D 
such that P 2 < Pi < P, q 2 < Qi < Q 

Var (PP2Q2 _ ^Pi9i) < 2 i/^((p2,Pi)) + 2i/,,((g2, gi)) < 

2z^3i((P2,p))+ 2i/a;((g2,g)) ^ 0, 

{P2,q2)^{p,q) 
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which implies existence of a left-sided limit in M(S') as {p',q') —)■ (p, <?), 
p',q' E D, p' < p, q' < q. By Proposition 12.31 Var/i^'? < 1, which implies in the 
limits as p' —)■ p±, q' —)■ q± that VarpP'^=*= < 1. Finally, for every p' E D, Q E C, 
i = 1,... ,l the measures 

E > 0. 

In the limits as p^ —)■ pj± this implies (13.Ih . □ 

Corollary 3.2. Let p, g G M, x G Then for every Borel set A (Z S 

Ifif+KA) < (3.2) 

Proof. Relations fl3.2p follow from fl3.ip in the same way as in the proof of in¬ 
equality fl2.6p above. □ 

Remark 3.3. By continuity of p™ with respect to variables p,q E D, we see that 
ioT p E D 

= lim lim = lim pF/ in M(S'). 

q'^q±p'^p± q'^q± 

Analogously, ii q E D, then 

= lim p^''? in M(^). 

p'^p± 

If the both indices p,q E D, then evidently p^*?^ = p^”?. 

Now we suppose that f{y,X) G (^(M, M"')) is a Caratheodory vector- 

function on X R. In particular, 

VM > 0 ||/(x, •)I|m,oo = max |/(x, A)| = auix) E (3.3) 

|A|<M 

Since the space ^(R, R”) is separable with respect to the standard locally convex 
topology generated by seminorms || • ||m,oo, then, by the Pettis theorem (see [6], 
Chapter 3), the map x -E- F{x) = /(x, •) G C(R, R") is strongly measurable and 
in view of estimate fl3.3p we see that |F(x)p G L)Q^(f2, C(R)). In particular (see 
[B], Chapter 3), the set Qf of common Lebesgue points of the maps F{x), |F(x)p 
has full measure. As was demonstrated in [15], for x G 11/ 

lim [ KUx-y)\\F{x)-Fiy)\\l,^^dy = 0 VM > 0. (3.4) 

m^oo j ’ 

Clearly, each x G 12/ is a common Lebesgue point of all functions x -E /(x. A), 
A G R. Let 12" = 12' n 12/, 7 ^(A) = 5(A — Ur{x)) — ^'x(A). 

Suppose that x G 12", p G R, iL+, H_ are the minimal linear subspaces of R", 
containing supports of the measures p^^^, p^^~, respectively. We fix g G /2 and 
introduce for p' E D the function 

= j fiv, A)(9(A - p'} - 0(\ - q))d%(\) € Lfjn). (3.5) 


Ir{y,p') 










Proposition 3.4. Assume that q > p and f{x, A) G for all A G M. Then 
lim lim lim [ 7 ^ ■ ^= 0 (3-6) 

P^p+m^oor^oo |4I Vl^l/ 

for all G C{S). Analogously, if q < p and f{x,X) G Hf VA G M, then 

wm G c{s) 

lim lim lim [ ^■F(<l>^4(-,p'))(0^(®m^A^(-,p'))(0^ = 0- (3-7) 

p'^p-m^oc,r^ooJ^„ |4I Vl^l/ 

Here = ^m{x — y) = a/ Km{x — y) and Ir{y,p')., Ur{y,p') are funetions of the 
variable y E fl. 

Proof. Note that starting from some index m the supports of the functions ^m{x— 
y) he in some compact subset B of hi. Without loss of generality we can assume 
that supp C B for all m E N. Let 

Uv,p) = I f{x,\m\-p')- 0 (\-q))dj:j\)€LUi^), 

M = sup llwrlloo- Then suppy^ C [—M, M], and 

rGN 


|7r(|/,p0 - 4 (|/,pOI < / 1 /( 1 /, - fix, A)|d| 7 L(A) < 2\\F{y) - F{x)\\m,c 


By Plancherel’s identity 




^ • F{^M;p'm)Fi^M;P'))m ) d^- 






1^1 F{<l>M,P'm)Fi^M;P'))m ) d^ 




^ ■ F{^Ulri;p') - Iri;p')m)Fi^M;pm)f’ 1 d^ 


< 


\\fj\U\^Ulri;p') - Iri-:P'))h\\^mUri;p')h < 

|$^(/,(-,p')- 4 (-,p'))II 2 < 

. 1/2 

2||V’l|oo ( / Km{x-y)\\F{y) - F{x)\\l^,^dy 


Here we take account of the equality 


11 2 — I / ^m. {fC 


y)dyj 


\ 1/2 


= 1. 
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From the above estimate and fl3.4p it follows that 


lim lim 

m—yoo r^oo 








1^1 F{<!>M;P')mF{<l>mUr{;p'))m ) d^ 




= 0 . 


(3.8) 


Observe that the function /(A) = f{x, A) G ^(M, H^) is continuous and does not 
depend on y. Therefore for any e > 0 there exists a piece-wise constant vector- 

k 

valued function g{\) of the form g{X) = ^ Vi9{X — pi), where Vi G H^, p = pi < 

i=l 

P 2 < ■ ■ ■ < Pk = Q such that ||/x —(71100 < e on M. Here x(A) = 9{X —p) —9{X — q). 
Moreover, by the density of D, we may suppose that pi G T* for i > 1. We dehne 
for p' E D 0 (p, P 2 ) 

Jr{y^p') = J 9Wd{X-p')d'yl{X). 

Using again Plancherel’s identity and the fact that 


I^r(p,p0 - Jr{y,p)\ = 


if ■ X - 9)Wd{X - p')dYy{X) 


< 


\{f ■ X - 9)W\dhv\W < 2£, 


we obtain 




1^1 ■ F{<^>M;P'm)F{<^mUr{;p'))m - 






1^1 F($^J,(-,p'))(Oi^($mU.(-,pO)(OV' ) d^ 




■ F($^(4(-,p') - M;p'))mF{^mUr{;p')mi^ 1 d^ 


< 


||$™(4(-,p')-J.(•,p'))||2•||<^>^U,(•,p')||2■ 
for all E C{S). Since 


<2||V^||oo£ (3.9) 


My,p') = / ( '^Vi9{X-p'i) I d7^(A) = '^ViUr{y,p[), 


. 2=1 


2 = 1 


where p' = max(pj,p') G D, it follows from (12.4p with account of Remark l3.3l that 




hm lim lim / ^ . F($™J,(.,p'))(OF(<F^U,(-,pO(0^ ( ^ = 




k k 


lim , {vi ■ OV'(O) = i^’i ■ OV'(O) = 0. (3.10) 

p'^p+ “ “ 

2=1 2=1 
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The last equality is a consequence of the inclusion supp C supp C 

(because of Corollary I3.2p combined with the relation By fl3.8p . fl3.9p and 

(13.1 op . we have 


lim lim lim 

p'—>-p+ m^oo r—>-oo 


lei 




lel 




< const •£, 


and it suffices to observe that £ > 0 can be arbitrary to complete the proof of 
fl3.6ll . The proof of relation fl3.7p is similar to the proof of (13.61) and is omitted. □ 


Now we assume that the sequence Uk satisfies constraints (11.2p . We choose 
a subsequence Ur and the corresponding H-measure Assume that 

X & Q" = pq G M. As above, let H^, i7_ be the minimal linear subspaces 

of M” containing supp/iP°^°’'', supp/i^°^°“, respectively. 

Theorem 3.5 (localization principle). There exists a positive 6 such that 
{ip{x,X) — ip{x,p)) ■ ^ = 0 for all f G H+, X G \po,Po + 5] and all f G H_, 

A G [po - <5, po] ■ 

Proof. The proof is analogous to the proof of m Theorem 4] (if d = 2), for 
arbitrary d > 1 see the proof of [Ml Theorem 4] (where the more general case of 
ultra-parabolic constraints was treated). For completeness we provide the details. 
Observe firstly that in view of (II.2p the sequence of distributions 


C^iy) =divj^ (^j e{X-p){ip{y,X) - (p(y,p))dj^(X)^ ^^^0 in hF^i(O). (3.11) 
For p, q E D, q > p > Pq we consider the sequence of distributions 

Cl-C;=diVy{Q^M), reN, 

where the vector-valued functions Q^{y) ( for fixed q E D ) are as follows: 


Qlhj) = j(piy, >') - piy, (i))d{x - q)dYy{X) - 

j {pidJ, A) - (p(p, p))d(A - p)d7y(A) = 

J{p{y, q) - T{y, A))x(A)d7^(A) - 

J{piy, q) - T{y,p))d{x - p)dYy{X) = 

J{T{y,(l) - T{y,>^))xWd'yy{X) - {^{y,q) - ip{y,p))Ur{y,p)] (3.12) 

here x(A) = 9{X — p) — 0{X — q) is the indicator function of the segment (p, q\. As 
was already noted, divj^ (Q(((p)) —)■ 0 in and if $(?/) G ^“(O) then 

r—>-oo ’ 

div, {Ql^{y)) -E 0 in W^\ (3.13) 
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(3.14) 


Using the Fourier transformation, from fl3.13p we obtain 
|J|-‘5.F((2i:<I.)(0 = F(g,), gr ^ 0 in 

r—^oo 

(see [13 HB] for details). 

Let ^ C°°{S). By the known Marcinkiewicz multiplier theorem (cf. [T9l 
Chapter 4]) V’(^/KI) is a Fourier multiplier in L® for all s > 1. This implies that 

F(,UA;PmOi’ (It) = WOK). (3.15) 

where the sequence hr is bounded in L'^\ d! = d/{d — 1). 

By fl3.14p . fl3.15p we obtain 

f \^n-F{QPm)F{Ur{;p)<l>)m(^) = f gr{x)l^^dx^0 

VIsI/ 

as r w oo, or in view of (I3.12p . 

lim I [ m-'!; ■ F(,U{;p)f<S>mF(UA;p)m)i’ (^) d!;- 

ler'e • F(U,(-,p)$)(0F(f/,(-,p)$)(0^ de} = 0, (3.16) 

where 

f{y) = ^{y,q) - ^{y,p) and Vr{y,p) = jip{y,q) - p{y,X))xWdYyW- 

Obviously, fl3.16l) remains valid for merely continuous V’(0- W^e set in fl3.16p 
$(?/) = ^rn{x — y) , where the functions 4*^ were dehned in section [21 and pass 
to the limit as m —)■ cxo, p —>■ po+- By 112.41) with 4>(p) = (p{y,q) — p{y,p) and 
Lemma EH we obtain 

hm hm hm f |e|-'e ' F([/,(-,p)/4>^)(0F(U,(-,p)4)™)(0^ = 

p-^P0+m->-cor->-co \lsl/ 

lim {p{x,q) -ip{x,p)) ■ (/if,C^(0) = i^ix,q) - pix^po)) ■ 

P^Po+ 

therefore 


{(p{x,q) -p{x,po)) ■ = 

lim lim lim f |e|-'e ' F(U,(-,p)4)^)(0F(U,(-,p)4>^)(0^ f d^ (3.17) 

p^po+m^oor^oo VIsI/ 

Let TTi and 112 be the orthogonal projections of M” onto the subspaces iL+ and 
respectively; let ip{x,X) = 7ii{ip{x, X)), ip{x,X) = 7i2{(p{x, X)). Recall that 
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is the smallest subspace containing suppp^°^°+. This readily implies that 
^ Hence 

(<y9(a;,g)-v?(a;,po))-(h^°^°^,^V'(0) = {^{x,q)-(p{x,pQ))- (3.18) 
Further, Vr{y,p) = vti (14.(2/,p)) + '^2{Vr{y,p)) and 

7 ^ 1 ( 14 ( 2 /,p)) = J {^{y,q) - <p(2/, A))x(A)d7y(A), 

7 r2(14-(p,p)) = J (p(p, q) - p(p, A)) x(A)d 7 ;;(A). 

Observe that 

T^2{Vr{y,p)) = /r(p,p), 

where the function Ir{y,p) is dehned in fl3.5p (with p' replaced by p) for a vector- 
function f{y, A) = (p(p, q) — (f{y, A) G H;^. By Proposition 13.41 we obtain 


lim lim lim 

p—>-po+ m^oo r^oo 


\^\-^^-F{7r2{Vriy,p))^mmF{Ur{-.p)^m)m 


lel 


= 0 . 
(3.19) 

Let Vr{y,p) = 7ri(K-(p,p))- From fl3.17p . in view of fl3.18p and fl3.19l) . we see that 

ip{x,q) -p{x,po)) ■ (pS°^°+,44’(0) = 


lim lim lim 


ler'e • F{Vr{;p)^mmF{Ur{;P)^m)m ( ^ 




p—>-po+ m —>-00 r —>-00 Jjjn 

which in turn, by Bunyakovskii inequality and Plancherel’s equality, gives us the 
estimate 

\{(p{x,q) - (p{x,po)) ■ (pS°^°+,4V’(0)| < 
lim lim lim \\Vr{-,p)^m \\2 ■ ||f/^(-,p)<Fm ||2 • H'^IU < 

p—>-po+ m^oo r—>-oo 

lim lim lim ||14(-,p)$m||2 • ||'0|| 

p—ypo-\- m—yoo r—>-oo 

Next, for Mq{y) = niax |(p(p,g) -(p(p,A)| 

Ae[po,g] 


(3.20) 


|V;(p,p)| < Mg{y) 


x{X)d + r'J(A)) 


Mq{y){ur{y,p) -Ur{y,q) +uo{y,p) -uo{y,q)). 

In view of the elementary inequality {a + b)'^ < 2[a^ + b"^) and the relation 0 < 
Ur{y,p) — Ur{y,q) < 1, r G M U {0}, we have 

||14(-,p)d'm||2 < 2 [ {Mq{y)f{{ur{y,p) - Ur{y,q)f + 

Jn 

(mo(2/,p) - uo{y^q)f)Fmix - y)dy < 

2 [ {Mg{y)Y{ur{y,p) - Ur{y,q) + 


Uo{y, P) - Uo{y, q))Km{x - y)dy. 


(3.21) 
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Since p,q E D G E, then 

Ur{y,p) -Ur{y,q) ^uo{y,p) -uo{y,q) 

as r —)■ oo in the weak-* topology of L°°{Q) and from fl3.2ip we now obtain the 
estimate 


lim \\Vr{-,p)^m\\l < 4: / {Mg{y)f{uo{y,p) - uo{y,q))Km{x - y)dy, 

Jn 

from which, passing to the limit as m —)■ cxo, we obtain 

lim \im\\Vr{-,p)^m\\l<4{Mg{x)f{uo{x,po)-Uo{x,p)). (3.22) 

m^oo r—>-oo 


Here we bear in mind that by the dehnition of (see, for instance, m Propo¬ 
sition 3]) X is a Lebesgue point of the functions Uo{y,po), Uo{y,p). It is also 
used that x G is a Lebesgue point of the function {Mg{y)Y as well ( this 
easily follows from the fact that x is a Lebesgue point of the maps y —)■ (p(|/, •), 
y —)■ |</9(?/, •)p into the spaces C(M,M”), C(M), respectively ). From fl3.22p in the 
limit as p —)■ po h follows that 


lim lim Yim. \\Vr{-,p)^J\\l < 4{Mq{x)f{uQ{x,po) - UQ{x,q)). 

p^po m^oo r—>-oo 

In view of fl3.20p and fl3.23p . 

|((p(x,g) - (p(x,po)) • < 2|lV^||ooMq(x)a;(g), 

= {uoi^^Po) 0 . 

Q^PO 


(3.23) 


(3.24) 


It is clear that the set of vectors of the form real ip{^) G C{S) 

spans the subspace iL+. Hence we can choose functions "01(0 ^ ^(*5'), i = I, ■ ■ ■ ,l 
such that the vectors Vi = y make up an algebraic basis in iL+. 

By fl3.24p . for i = 1,...,/, we obtain 


|(<p(x,g) -(p(x,po)) ■Vi\ < CiUj{q)Mg{x), q = const, 
and since Xj, i = 1,..., / is a basis in iL+, these estimates show that 


|(p(x,g) -(p(x,po)| < aj{q)Mg{x) = 
cu{q) max |(p(x, g) — <p(x, A)|, c = const. (3.25) 

We take g = po -|- 5, where 5 > 0 is so small that 2ax(g) = e < 1. Then, in view 

of ([325]), 

|(p(x,g) - p(x,po)| < - niax |(p(x,g) - (p(x, A)|, (3.26) 

z \e[pQ,p\ 
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and since q) is continnous with respect to q and the set D is dense, the 
estimate fl3.26p holds for all q G [po^Po + ^]- 

We claim that now ip{x,p) = ip{x,po) for p G [po,Po + <5]. Indeed, assnme that 
for p' G [po, Po + 5] 

\p{x,p') - (f{x,po)\ = max |(p(x. A) - (p(x,po)|- 

A€|po,PO+^] 

Then for A G \po,p'] we have 

\(f{x,p') - (fix, A) I < \(p{x, A) - (p{x,po) \ + 

\(p{x,p') - (p{x,po)\ < 2\(p{x,p') - (p{x,po)\ 


and 

inax \(p{x,p') - p(a;, A)| < 2\(p{x,p') - (p{x,po)\. 

AG[poy] 

We now derive from fl3.26l) with p = p' that 

\(p{x,p') - (p{x,po)\ < e\(p{x,p') - (p{x,po)l 
and since e < 1, this implies that 

\(p{x,p') - p{x,po)\= max |(p(x. A) - (p(x,po)| = 0. 

We conclnde that p{x, A) — (p{x,po) G for all A G \po,Po + <^], i-e., (p(x. A) — 

ip{x,po)) ■ .^ = 0 on the segment \po,po + 5] for all ^ G if+. 

To prove that for some snfficiently small 5 > 0 (<p(a;. A) — ip{x,po)) ■ ^ = 0 
on the segment [po — <5, po] for all ^ G H_, we take p,qED,q<p<pQ and 
repeat the reasonings nsed in the hrst part of the proof. As a resnlt, we obtain 
the relation similar to 03.241) 

\{^{x,q) -(p(x,po)) ■ \ < ‘2MooMq{x)u{q), 


where 


Mg{x) = niax |(p(p,g) - (p(p, A)|, 

AG[(J,Po] 

u{q) = lim {uo{x,q)-Uo{x,p)y^'^ = {u^{q,po)y^'^ 0. 

P^Po- q->-po 

This relation readily implies the desired statement {(p{x, A) — ip{x,po)) • ^ = 0 on 
the segment [po — <5,po] for all ^ G H_, where <5 is snfficiently small. 

The proof is complete. □ 

Corollary 3.6. Let x G fl”, [a,b] be the minimal segment, containing snpp and 
Po G (a, b). Then, in the notations of Theorem \3. fk snpp flsnpp 7 ^ 0 

and for all ^ G fl H_, ^ ^ 0 the function ^ ■ ip{x, A) is constant in a vicinity 

ofpo- 


15 










Proof. First, note that since x ^ Q" <Z is a Lebesgue point of the functions 
Uo{-,p) for all p G -D while D is dense, the distribution function uo{x,X) = 
^x((A,+cxd)) is uniquely dehned by the relation uq{x,X) = sup uo{x,p). In 

p£D,p>\ 

particular, the measure Ox is well-dehned at the point x. 

The statement that the function A —^ • (p(x, A) is constant in a vicinity of 
Po for all f G fl H_, ^ 7 ^ 0 readily follows from the assertion of Theorem 13.51 
Hence, we only need to show that supp Px°^°^ supp 7 ^ 0. We assume to 

the contrary that S+ O S- = 0, where S± = supp Denote C+ = S \ S+, 

C- = S\ 5_, Then 5 = C'+ U C-, /ifP°+(C'+) = pP°P°-(C'_) = 0. Therefore, by 
relation fl2.6p . for all p, g G -D, p < po < g 

Varf.7 = |f.7|(S) < IK-KCt) + IK’KC-) < 


where we use that p^{A) < pj^{S) < 1 for all p G -D and every Borel set A G S, 
see fl2.3p . It follows from the obtained estimate and Lemma [3.11 that 


lim lim Var < 

p^po- q^po+ 


{pr‘-(c-)p 


0 . 


Thus, 

—)■ 0 in M(S') as p —)■ po—, g —)■ po + . 
On the other hand, by fl2.4|) 


(3.27) 


pl\S)= lim hm / F{^^Ux{-.p)mF{^^Ur{;q)mdi = 


m—>-oo r—>00 


lim lim 

m—>-oo r—^00 


Ur{y,p)Ur{y,q)Km{x - y)dy. (3.28) 


Observe that 77 .( 2 ^, A) = ^(^^(x) — A)—■Uo( 2^5'^)- Since fA-(-,p) ^ 0 for all p G D 

r—^oo 

and {6{ur{y) — p) — ^)0{ur{y) — g) = 0, we hnd 


hm 

r—^oo 


hm 

r—>-oo 


hm 

r—>-CO 


hm 

r^oo 


Ur{y,p)Ur{y,q)Kmix - y)dy = 
{Ur{y, p) - l)Uriy, q)Kmix - y)dy = 
{0{ur{y) -p) - 1 - UQ{y,p)){e{ur{y) - g) - uo{y,q))K^{x - y)dy = 
[(1 - 6{ur{y) -p))uo{y,q) - UQ{y,p){e{ur{y) - g) - uo{y,q))]K^{x - y)dy 

= / (1 - uoiy, p))uo{y, q)Km{x - y)dy. 
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In the limit as m —>■ cxo this yields 


lim lim / Ur{y,p)Ur{y,q)Km{x - y)dy = 

m—)-oo r—>-cx> J-^n 

lim / {1 - Uo{y,p))uo{y,q)K^{x - y)dy = {1 - Uo{x,p))uo{x,q). 

Here we take into account that a: is a Lebesgue point of the functions uo{y,p), 
uo{y,q). By fl3.27p . fl3.28l) we find 


0 = lim lim pP^^S) = 
p^po- q^po+ 

lim lim {1 - Uo{x,p))uo{x, q) = u^{{-oo,po))u^{{po,+oo)) > 0, 
p->-po- q->-po+ 

since a < po < b and [a,b] is the minimal segment containing suppz/a.. The 
obtained contradiction implies that 5"+ n S'- 7 ^ 0 and completes the proof. □ 

Now we are ready to prove Theorem 11.11 

Proof. Let Ur = Uk^ be a subsequence of Uk chosen in accordance with Proposi¬ 
tion 12.21 In particular, this subsequence converges to a measure-valued function 
Ux G MV(r2). In view of fl2.ip for a.e. x G 

u{x) = j A(iz/a,(A). (3.29) 

We dehne the set of full measure hi" C hi and the minimal segment [a{x),b{x)], 
containing suppz/j,, x G fl". In view of fl3.29p u{x) G (a(x), 6 (x)) whenever 
a(x) < 6 (x). By Corollary 13.61 the function f-(p{x, •) is constant in a vicinity of u{x) 
for some vector 7 ^ 0. But this contradicts to the assumption of Theorem 11.11 
Therefore, a(x) = 6 (x) = u{x) for a.e. x G fl. This means that I'xW = <^(A — 
m(x)). By Theorem |2.1| the subsequence ^ m as r —)■ cx) in Finally, 

since the limit function u{x) does not depend of the choice of a subsequence Ur, 
we conclude that the original sequence —)■ m in as fc —)• 00 . The proof 

is complete. □ 

4 Decay property 

This section is devoted to the proof of Theorem 11.41 Suppose that u{t, x) is 
a unique e.s. to problem fll.4p . fll.7p with the periodic initial data Uq{x). By 
Remark [L3] we can assume that u{t,x) G C([0,-|-oo), L^(T"')) (after possible cor¬ 
rection on a set of null measure). We consider the sequence Uk(t,x) = u{kt, kx), 
fc G N, consisting of e.s. of fll.4p . As was firstly shown in [2], the decay property 
fll.lOp is eouivalent to the strone convergence uJt.x) —)■ / = const in L]oM of 

r—>-oo 

a subsequence Ur = Uk^it,x). As follows from [13 Lemma 3.2(i)], Ur u*, where 
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u* = u*{t) is a weak-* limit of the sequence ao^krt), where ao{t) = / u{t,x)dx. 

Jt" 

Since u{t,x) is an e.s. of (11.41) . this function is constant: ao{t) = I = uo{x)dx, 

in view of fll.Sp . Therefore, Ur I a.s r ^ oo (actually, the original sequence 
Uk I as k ^ oo). 

Let p,q G E, be the H-measure corresponding to a subsequence Ur = 
Uk^{t,x). Recall that fjP^ = a:,r,G M;oc(n x S'), where 

^ = {e = (r 0 e M X 1 leT = + lep = 1} 

is a unit sphere in the dual space (the variable r corresponds to the time 

variable t). 

By m Theorem 3.1] the following localization principle holds 

supp C n X So, 


where 

5o = {e7le1 |e=(r,O^0,rGR, ^ e L'}. 

As was demonstrated in Proposition I2.31 = jJl^dtdx for all p, g G H, where 

H C is a countable dense subset and measures G M(S), are defined for all 
(f, x) belonging to a set of full measure If' C If. Obviously, the identity 

(/r^^,<l)(f,a;,0) = [ (/if^(0, <l>(f, x, (4.1) 

an 

^{t,x,^) G 00(11 X S'), remains valid also for compactly supported Borel functions 
$. Taking 4) = x)h{^), where (j){t,x) G 00(11), (j){t,x) > 0 while h{^) is an 

indicator function of the set S \ Sq, we derive from fl4.1l) that 

[ \ So)0(f, x)dtdx = 0 

an 

and since > 0 and 0(f, x) G Oo(n) is arbitrary nonnegative function, it follows 
from this identity that \ S'o) = 0 for all p e D, {t,x) G If'. By relation 

(12.611 we claim that, more generally, \ ^ 0 ) = 0 for all p,q E D, (t, x) G If'. 

Finally, in view of Lemma [3Tl we hnd that \ S'o) = 0, that is, 

supp C S'o Vp, g G M, (f, x) G If'. (4.2) 

Further, Urit,x) is a sequence of entropy solutions of (11.411 . Therefore ( see for 
instance [16] ) the sequences 

div [9{Ur - p){(p{Ur) - <p(p))] = {{Ur - p)’^)t+ div^, [9{Ur - p){(p{Ur) - <p(p))] 

are compact in for some d > 1 and all p G M, where (p{u) = {u, (p{u)) G 

C'(R, and we use the notation = max(n,0). 
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Denote by i't,x ^ MV(n) the limit measure valued function for a sequence 
and by [a(f, a;), 6 (f, a:)] the minimal segment containing supp 

Suppose that (t, x) G If', a{t,x) < h{t,x). Then / = J Xdh't,x{,^) G 
{a(t,x),b(t,x)). By Corollary 13.61 we hud that there exists ^ = (r,G 
supp n supp and 5 > 0 such that the function 

A ^ I • (p(A) = Tu + ^ ■ ^p{u) = c = const (4.3) 

on the interval V = {A | |A — /| < <5}. By fl4.2l) ^ G S'o, which implies that we 
can assume that ^ G L' in fl4.3l) . Evidently, ^ 7 ^ 0 (otherwise, ru = c on V for 
r 7 ^ 0). Hence the function ^ • (p{u) = c — ru is affine, which contradicts fll.9p . 
Thus, a{t,x) = b{t,x) = I for a.e. {t,x) G H. We conclude that i't,x{,X) = 6{X — I) 
an by Theorem |2.1| the sequence —)■ / as r —)■ cxd strongly (in L;„(n)). As 
was mentioned above (one can simply repeat the conclusive part of the proof of 
Theorem 1.1 in CZI). this implies fll.lOp . 

Conversely, if the assumption fll.Qp fails, we can End G L', 7 ^ 0, and 

constants a, 6 G M such that ^ ■ (f(X) = au + b on a segment [/ — 5, / + 5], 5 > 0. 
Then, as is easily verihed, the function 

u(t, x) = I + 6 sin(27r(,^ • x — at)) 

is the e.s. of fll.4p . fll.7p with initial data Uo(x) = / + 5sin(27r(^ • x)). It is clear 
that Uo(x) is L-periodic and Uo{x)dx = /, but the e.s. u(t,x) does not satisfy 
the decay property. 

Example. Let n = 1, (p{u) = \u\. Let u = u(t,x) be an e.s. of the problem 

Ut + {\u\)^ = 0, m(0,x) = Mo(x), (4.4) 

where Uq{x) G L°°(M) is a nonconstant periodic function with a period I (for a 
constant Uq = c the e.s. u = c and the decay property is evident). Notice that no 
previous results lasiini can help to answer the question whether the decay prop¬ 
erty is satished. However, as follows from Theorem 11.41 if / = y f^^Uo(x)dx = 0, 
then the decay property holds: ju(t, x)jdx —?■ 0 as t —>■ 00 . Actually, the 

condition J^uo(x)dx = 0 is also necessary for the decay property (11.101) . In¬ 
deed, u(t, x) = uo(x =F t) if ±Mo(x) > 0 (then ±1 > 0 ), and the decay property is 
evidently violated. In the remaining case when uq changes sign we define the func¬ 
tions M+(t, x) = x+(x —f), U-{t, x) = V-{x + t), where x+(x) = max(Mo(x), 0) > 0, 
x_(x) = min(Mo(x),0) < 0. Note that this functions take zero values on sets of 
positive measures. By the construction, x_(x) < Mo(x) < x+(x) and u±{t,x) are 
e.s. of fl4.4|) with initial data v±{x). In view of the known property of monotone 
dependence of e.s. on initial data u_{t,x) < u{t,x) < u+{t,x) a.e. on H. These 
inequality can be written in the form 

u{t,x — t) > v_{x), u{t,x + t) < v+{x). (4.5) 
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Assuming that u(t,x) satisfies the decay property, we find, with the help of x- 
periodicity of u(t,-), that 



u(t, X ±t) — I\dx 



u(t, x) — I\dx —0 


as t ^ +CXD, 


that is, the functions u{t, x±t) —)■ J in -h^([0, 1]). Passing to the limit as t —)■ +cxd 

t —>-+00 

in fld.Sp . we find that V-{x) < / < Vj^{x) for a.e. a; G M. The latter is possible 
only if J = 0. We conclude that the decay property holds only in the case 1 = 0. 


Remark 4.1. Theorem 11.41 can be extended to more general case of almost 
periodic initial data (in the Besicovitch sense m)- Repeating the arguments 
of [18] , we arrive at the following analogue of Theorem 11.41 

Theorem 4.2. Let Mq be the additive subgroup of ML generated by the spectrum 
of uq. Assume that for all ^ G Mq, 7 ^ 0 the function ^ ■ (p{X) is not affine in any 
vicinity of I = J^j^„uo(x). Then the e.s. u{t,x) of (|1- satisfies the decay 

property 

lim T \u{t, x) — I\dx = 0. 

Here T v{x)dx denotes the mean value of an almost periodic function v(x) (see 

W)- 


Acknowledgements. The author is supported by Russian Foundation for 
Basic Research (grant 15-01-07650-a) and the Ministry of Education and Sci¬ 
ence of Russian Federation within the framework of state task (project no. 
1.857.2014/K). 


References 

[ 1 ] A. S. Besicovitch, Almost Periodic Functions. Cambridge University Press, 1932. 

[2] G.-Q. Chen, H. Frid, Decay of entropy solutions of nonlinear conservation laws. 
Arch. Rational Mech. Anal. 146 (2) (1999) 95-127. 

[3] C.M. Dafermos, Long time behavior of periodic solutions to scalar conservation 
laws in several space dimensions, SIAM J. Math. Anal. 45:4 (2013), 2064-2070. 

[4] R. J. DiPerna, Measure-valued solutions to conservation laws. Arch. Rational 
Mech. Anal. 88 (1985) 223-270. 

[5] P. Gerard, Microlocal defect measures. Comm. Partial Diff. Equat. 16 (1991) 1761- 
1794. 

[6] E. Hille, R.S. Phillips, Functional analysis and semi-groups. Providence, 1957. 

[7] S. N. Kruzhkov, First order quasilinear equations in several independent variables. 
Mat. Sb. 81 (1970) 228-255, English transl. in Math. USSR Sb. 10 (1970) 217-243. 


20 





[8] S. N. Kruzhkov, E. Yu. Panov, First-order conservative quasilinear laws with an 
infinite domain of dependence on the initial data, Dokl. Akad. Nauk SSSR 314 
(1990) 79-84, English transl. in Soviet Math. Dokl. 42 (1991) 316-321. 

[9] S. N. Kruzhkov, E. Yu. Panov, Osgood’s type conditions for uniqueness of entropy 
solutions to Cauchy problem for quasilinear conservation laws of the first order, 
Ann. Univ. Ferrara Sez. VII (N.S.) 40 (1994) 31-54. 

[10] E. Yu. Panov, On sequences of measure-valued solutions of first-order quasilinear 
equations. Mat. Sb. 185 (2) (1994) 87-106, English transl. in Russian Acad. Sci. 
Sb. Math. 81 (1) (1995) 211-227. 

[11] E. Yu. Panov, Property of strong precompactness for bounded sets of measure 
valued solutions of a first-order quasilinear equation, Mat. Sb. 190 (3) (1999) 109- 
128, English transl. in Russian Acad. Sci. Sb. Math. 190 (3) (1999) 427-446. 

[12] E. Yu. Panov, A remark on the theory of generalized entropy sub- and supersolu¬ 
tions of the Cauchy problem for a first-order quasilinear equation, Differ. Uravn. 
37 (2) (2001) 252-259, English transl. in Differ. Equ. 37 (2) (2001) 272-280. 

[13] E. Yu. Panov, Existence of strong traces for generalized solutions of multidimen¬ 
sional scalar conservation laws, J. Hyperbolic Differ. Equ. 2 (4) (2005) 885-908. 

[14] E. Yu. Panov, Existence of strong traces for quasi-solutions of multidimensional 
conservation laws, J. Hyperbolic Differ. Equ. 4 (4) (2007) 729-770. 

[15] E. Yu. Panov, Existence and strong pre-compactness properties for entropy solu¬ 
tions of a first-order quasilinear equation with discontinuous flux. Arch. Rational 
Mech. Anal. 195 (2) (2010) 643-673. 

[16] E.Yu. Panov, Ultra-parabolic equations with rough coefficients. Entropy solutions 
and strong precompactness property, J. Mathematical Sciences 159 (2) (2009) 
180-228. 

[17] E. Yu. Panov, On decay of periodic entropy solutions to a scalar conservation 
law, Annales de I’Institut Henri Poincare (C) Analyse Non Lineaire 30:6 (2013), 
997-1007. 

[18] E. Yu. Panov, On the Cauchy problem for scalar conservation laws in the class of 
Besicovitch almost periodic functions: global well-posedness and decay property, 
arXiv:1406.4838v2, 19 Jun 2014. 

[19] E. M. Stein, Singular Integrals and Differentiability Properties of Functions, 
Princeton Univ. Press, Princeton, N.J. (1970). 

[20] L. Tartar, Compensated compactness and applications to partial differential equa¬ 
tions, Nonlinear analysis and mechanics: Heriot. Watt Symposium, vol. 4 (Edin¬ 
burgh 1979), Res. Notes Math. 39 (1979) 136-212. 

[21] L. Tartar, H-measures, a new approach for studying homogenisation, oscillations 
and concentration effects in partial differential equations, Proc. Roy. Soc. Edin¬ 
burgh. Sect. A. 115 (3-4) (1990) 193-230. 


21 


